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Abstract~The movement ofa single dune due to erosion caused by winds is considered. The 
flow over the dune is assumed to be a potential f ow and the dune geometry ischaracterized 
as that of an airfoil. A logarithmic velocity profile is attached to the potential f ow to include 
the boundary layer effect in the study. Exnerian erosion theory is applied to calculate the 
change in dune height due to the wind field. 
1. INTRODUCTION 
Movement of sand dunes is an important phenomenon i  desert environments which has been 
studied in [1] and classically in [2] among others. In regions restricted to one kilometer in 
length and width and one hundred meters in height, flow in the vicinity of a sand dune is 
assumed a potential flow, in which the Coriolis effect and air compressibility may be ignored, 
to yield an appropriate solution of the problem, as observed in [1] and [3]. What then governs 
flow is the Laplace equation for which the lower boundary, the dune surface, is a wavy one 
with two vertical and one upper boundaries assumed to be at infinity. 
The mathematical model thus involves the solution of the Laplace equation with a wavy 
boundary. To simplify matters, a single dune has been chosen for modelling with a boundary 
condition that normal velocities on the dune surfaces are zero. To solve this problem, a 
method of conformal transformation, asexplained in Sec. 2, is adopted in preference to the 
more cumbersome method of distributing sources and sinks over the dune surface and 
superimposing their effects on a uniform flow as in [1]. What makes the method employed 
here feasible is the similarity between the geometries of a two-dimensional linear dune and 
an airfoil. This procedure may be used for dome dune cross sections; for dune shapes, consult 
[4]. 
Once this has been accomplished, the boundary layer is attached to the potential flow as 
in [1] and as outlined in Sec. 3. Exnerian erosion theory is presented briefly in Sec. 4, and 
an example of dune movement is offered in Sec. 5. 
*Department of  Mathematical Sciences 
301 
302 H.M. CEKIRGE ET AL. 
2. ANALYSIS OF THE FLOW FIELD 
The air flow is assumed to be a potential flow, steady, incompressible, and free of Coriolis 
effects, body forces, and viscous forces. It will be necessary to obtain the complex potential 
f~ = ~b + i@, which characterized the flow, i.e., we seek a (real) solution of either of the 
equations 
V25 = 0 (2.1 a) 
V2qj = O, (2. I b) 
where ~b and ~k are the velocity potential and the stream functions of the flow, respectively, 
i = x/-Z-l, and 
0 2 0 2 
V 2 = ~ -¢ Oy 2 (2.2) 
is, of course, the Laplace operator. Here x and y denote, as usual, Cartesian cordinates. 
Horizontal and vertical fluid velocities are defined, respectively, as 
or  
u=- - -  and v=- - -  (2.3) 
Ox Oy 
u=- - -  and v=- -  (2.4) 
0y Ox" 
Since solutions for Eq. (2.1) remain invariant under a conformal transformation, the method 
to be adopted will be to use a (Joukowski) transformation J from a region in which (2.1) 
has a well-known solution to a region in which a solution is desired. This is done for Eq. 
(2.1b). The conjugate harmonic function ~ may then be determined by standard means. 
The region used is, as indicated in Fig. 1, exterior to a circle of radius a. This circle is 
H=4 be 
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Fig. I. The conformal mapping of a circle to an airfoil or a dune. 
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obtained by shifting the circle z = a e ~ slightly to the right in the complex z-plane along the 
x-axis. Its center, after the shift, has coordinates (be, 0) and its radius a is equal to b(l + 2e). 
The numerical factor b and the eccentricity e are parameters used to obtain a family or 
airfoil-shaped une profiles under the transformation 
= J (z )  = z + b2/z, (2.5) 
where ( = ~ + it/. Reduced to real and imaginary parts, (2.5) becomes 
= [1 + b2/(x  2 + y2)] (2.6a) 
t /= y[1 - b2/(x  2 + y2)]. (2.6b) 
Standard calculations [5] show that the length L of the profile, measured along the x-axis 
and the height H of the dune, achieved at the quarter chord point (0.75b, 0), are 
L = 2b(l + 2e)[1 + 1/(1 + e)(1 + 3e)] (2.7) 
and 
H ~- 4be, (2.8) 
consult Fig. 1. The velocity field in the z-plane is defined in accordance with the following 
equations: 
u = - uo{[a2/r 2] cos(20*) - 1} (2.9a) 
V = -- Uo(a2/r 2) sin(20*), (2.9b) 
where u0 is the velocity at infinity and 0* = arc tan[y / (x  - be)] and r 2 = (X -- be) 2 + y2. This 
velocity field is transformed conformally by J into the (-plane, 
Up = (pu - qv ) /w (2.10a) 
vp = (pv + qu) /w,  (2.lOb) 
where Up and vp are horizontal and vertical velocities, p = 1-b2(x2-y2) / (x2+y2)  2, 
q -.  2b2xy / (x  2 + y2)2, and w = p2 q.. q2. The flow field is presented in Fig. 2. Calculation of the 
velocity profile in the boundary layer requires a knowledge of the inverse of J which is 
obtained numerically. 
3. ELEMENTARY BOUNDARY LAYER ANALYSIS 
The objective of this section is to determine the velocity distribution in the boundary layer 
together with the stresses on the dune surface to which it gives rise. Attention will be limited 
to the case where only low wind speeds are considered (the Math number, M <~ 0.3) so that 
separation in the boundary layer is insignificant. 
The dune is assumed to be linear. Readers interested in the more general case may consult 
[1, Sec. 3]. Under the assumptions proposed here, the velocity distribution parallel to the dune 
surface ub is given by 
ub = x ln(z'/z~), (3.1) 
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BOUNDARY OF THE POTENTIAL 
6 = THICKNESS OF THE BOUNDARY LAYER FLOW AND THE BOUNDARY LAYER 
~ ' . ~  ~.~ ...~ -- ~ ~ ~ . 
OTENTIAL 
Fig. 2. The boundary layer over the sand dune profile. 
where z '  is measured normal to the dune surface, z~ is a constant related to the surface 
roughness, and x is a local constant determined by equating ub to up, the potential velocity 
distribution, parallel to the dune surface, at the interface between the boundary layer and the 
potential flow. I f  6 denotes the thickness of the boundary layer, this yields 
x = up/In(6/z~). (3.2) 
Classically 6 is the maximum value of z '  for which the streamlines in the potential flow are 
almost parallel to the line on which the dune stands, i.e., the fluid velocity in the potential 
flow parallel to the dune surface at this distance is 
up = u cosOb + V sinOb (3.3) 
where Ob dentoes the slope of the linear dune, see Fig. 2. The magnitude of the Reynolds 
number Re = ud/v where Ub is the fluid velocity at which stress is to be calculated, 1is the 
characteristic length of the flow, and v is its kinematic viscosity, determines the equation used 
for shear stress 3. For laminar flow, (Re ,~ 70) 
dub (3.4) 
T~/£1 dZ)  
and for turbulent flow (Re > 70), 
_ -  (duq  
z r2 \ dz ] " (3.5) 
Here x~ and x2 are constants. 
4. EROSION THEORY 
Exner's erosion theory relates the height h of the eroding surface to the sand transport 
rate per unit width q as follows: 
t3h t3q 
-- 1" ~ = a-x' (4.l) 
Movements of sand dunes 305 
where )'s is the density, measured in grams per cubic centimeter, of loose sand. For constant 
x and a steady flow, (4.1) becomes 
= -- (l/~s) • (4.2) 
an empirical expression for q, which arises as well from theoretical considerations [6], is given 
by Hsu [7]: 
where u~ is the wind velocity at two 
Substitution of (4.3) into (4.2) yields 
q = r/tu~, (4.3) 
meters above the surface and r/l is a constant. 
dh 
- -  = - -  r l2u~, (du2~/dx  ). (4.4) 
dt 
Along the profile s, i.e., dx = ds cos0b, Eq. (4.4) becomes 
dh 
- -  = - rhU ~, (  du~/ds  ),  
d t  
(4.5) 
Table 1. Sand dune movement due to weak winds 
(length = 30 m; height = 4 m; wind velocity = 3 m/sec; 
time = ! h) 
x (m) ho~ (m) h~ (m) dh (m) q (g/cra sec) 
0.09 0.228 0.228 -0.00 0.00000 
0.35 0.460 0.440 --2.01 0.00083 
0.79 0.699 0.766 6.68 0.00070 
i.38 0.947 0.947 -0.00 0.00096 
2.13 0.206 1 .181  -2.48 0.00074 
3.02 1.476 1.462 -- 1 .37  0.00091 
4.04 1.755 1 .753  -0.24 0.00100 
5.16 2.042 2.047 0.54 0.00108 
6.39 2.330 2.332 0.18 0.00107 
7.69 2.617 2.614 -0.28 0.00102 
9.05 2.896 2.896 -0.00 0.00106 
10.47 3.160 3.166 0.59 0.00108 
11.91 3.403 3.406 0.31 0.00108 
13.37 3.619 3.615 -0.46 0.00098 
14.84 3.802 3 .801  -0.11 0.00106 
16.29 3.947 3.951 0.40 0.00108 
17.72 4.047 4.047 -0.06 0.00108 
19.11 4.100 4.100 -0.00 0.00109 
20.46 4.103 4.104 0.05 0.00109 
21.75 4.054 4.053 -0.04 0.00108 
22.98 3 .951  3.949 -0.24 0.00105 
24.12 3.795 3.797 0.14 0.00105 
25.19 3.587 3.585 -0.24 0.00105 
26.16 3.330 3 .321  -0.85 0.00093 
27.04 3.026 3.022 -0.41 0.00083 
27.81 2.679 2.664 - 1 .46  0.00070 
28.47 2.294 2.271 - 2.32 0.00052 
29.01 1.876 1.876 0.00 0.00052 
29.44 1.431 1.485 5.4t 0.00030 
29.75 0.966 0.951 - 1 .48  0.00004 
29.94 0.486 0.486 -0.00 - 0.00000 
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where r/2=(4.63)(10-4)/Ts and r/3=(2.72)(10-')/cos0b and rh is calculated by taking 
7s = 1.7 g/cm 3. The units for h, t, u~, s, and 7.~ are, respectively, cm, sec, m/sec, cm, and g/cm 3. 
Extensive field research is required to determine r/3. 
5. CALCULAT ION OF  AN EXAMPLE 
The height h of  the surface at any point x on the dune at time to + At is given by 
h =h0+~t  At, (5.1) 
where ho is the height at x for t = to. Using (4.5) to calculate dh/dt,  Table 1 presents the 
movement of  a sand dune over the period specified in the table. Similar tables could be 
constructed for different choices o f  the parameters b and e. 
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